Let T be a positive plurisubharmonic current of bidimension (p, p) and δ > 0. Assume that the Lelong number of T satisfies ν(T, a) ≥ δ on a dense subset of supp(T ) (rectifiable currents satisfy this condition). Then T = ϕ[X], where X is a complex subvariety of pure dimension p and ϕ is a weakly plurisubharmonic function on X. We also show that if T is positive pluriharmonic and its support has locally finite 2p-dimensional Hausdorff measure then T = ϕ[X] for some weakly pluriharmonic function ϕ on X.
Introduction
Let V be a complex manifold of dimension n. A current T of bidimension (p, p) or bidegree (n − p, n − p) in V is called plurisubharmonic if i∂∂T is a positive current and is called pluriharmonic if i∂∂T = 0. In particular, every closed current is pluriharmonic. In this paper, we study some properties of the structure of positive plurisubharmonic currents.
Positive plurisubharmonic currents are very useful in many different mathematical problems. In [16] , Garnett proved that every laminated closed set supports a positive pluriharmonic currents (see also [7] ). Duval and Sibony used positive pluriharmonic currents to describe the polynomial hull of compact sets in C n [13] . Gauduchon, Harvey, Lawson, Michelson, Alessandrini, Bassanelli, etc. studied non-Kähler geometry using these currents [1] .
Many important properties of this class of currents have been considered in the papers of Skoda [26] , Sibony, Berndtsson, Fornaess [23] , [7] , [15] , Alessandrini and Bassanelli [2, 3, 6] , etc. In particular, we know that if T is a positive plurisubharmonic current, one can define a density ν(T, a) of T at every point a. This density is called Lelong number of T at a.
We will prove that if the level set {ν(T, a) ≥ δ} is dense in the support of T for a suitable δ > 0 then the support X of T is a complex subvariety of pure dimension p and T = ϕ [X] , where ϕ is a weakly plurisubharmonic function ϕ on X. In particular, every rectifiable positive plurisubharmonic current is closed. Moreover, it has the form c [X] , where X is a complex subvariety and c is essentially equal to a positive integer in each component of X. We will also prove that if T is positive pluriharmonic and its support has locally finite Hausdorff 2p-dimensional measure then the support X of T is a complex subvariety of pure dimension p and T = ϕ[X], where ϕ is a weakly pluriharmonic function on X.
For closed positive currents, an analogous result has been proved by King [19] (see also [25, 24] ). The proof of King does not work in the case of plurisubharmonic currents. Our proof relies on some recent progress on the polynomial hull of finite length compact sets [9, 10, 20] . We use also a theorem of Shiffman on separately holomorphic functions and some results of Alessandrini-Bassanelli on the Lelong number.
Polynomial hull
In this section, we recall some results on the polynomial hull of a finite length compact subset of C n . Let γ ⊂ C n be a compact set. The polynomial hull γ of γ is defined by the following formula
Denote by H k the Hausdorff measure of dimension k. A compact set γ ⊂ C n is called geometrically k-rectifiable if H k (γ) is finite and the geometric tangent cone of γ is a real space of dimension k at [12] ).
Theorem 1 ([9, 10, 20] ) Let γ be a compact subset of C n . Assume that γ is geometrically 1-rectifiable. Then γ \ γ is a complex subvariety of pure dimension 1 (possibly empty) of C n \γ. Moreover, γ \γ has finite area and the boundary of the integration current [ γ \ γ] is rectifiable and has multiplicity 0 or 1 H 1 -almost everywhere on γ.
The last property of the current [ γ \γ] is called Stokes formula. As a corollary of Theorem 1, we have the following interesting result of Lawrence.
Corollary 1 ( [20] ) Let D be a strictly convex domain with C 2 boundary of C n . Let γ be a compact set in the boundary of D. Assume that the 1-dimensional Hausdorff measure H 1 (γ) of γ is finite. Then γ \ γ is a complex subvariety of pure dimension 1 (possibly empty) of C n \ γ. Moreover, γ \ γ has finite area and the boundary of the integration current [ γ \ γ] is rectifiable and has multiplicity 0 or 1 H 1 -almost everywhere on γ.
To apply the theorem 1, Lawrence show that if a compact set γ ′ ⊂ γ is minimal with respect to the property that its polynomial hull contains some point w ∈ D, then it is geometrically 1-rectifiable.
Pseudoconcave sets
Let D be an open subset of C n and X a closed subset of D. Let 1 ≤ p ≤ n−1 be an integer. We say that X is p-pseudoconcave subset of D if for every open set V ⊂⊂ D and every polynomial map f :
. This means X has no "locally peak point" for polynomial maps from
By argument principle, every complex subvariety of pure dimension p of
We have the following lemma.
Proof-Assume that X is not a complex subvariety of pure dimension p of D. Then there is a point a ∈ X such that a is a regular point of V and
The main result of this section is the following theorem.
Theorem 2 Let D be a domain of C n and X a p-pseudoconcave subset of D. Assume that the 2p-dimensional Hausdorff measure H 2p (X) of X is locally finite. Then X is a complex subvariety of pure dimension p of D.
Since the problem is local, replacing D by a suitable ball we can suppose that X ∩ ∂D has finite H 2p−1 measure. Fix a point a ∈ X. We now prove that X is a complex subvariety of pure dimension p in a neighbourhood of a.
We choose a coordinates system such that Π(a) ∈ Π(X ∩ ∂D), where Π :
. . , z p ). The next lemma implies Theorem 2 in the case p = 1.
Proof-Put γ := Y ∩ ∂D. Since D is a ball, by Corollary 1, the set γ \ γ is a complex subvariety of pure dimension 1 of D. Thanks to Lemma 1, it is sufficient to prove that Y ⊂ γ. Let P be a polynomial. 25 ]. Fix such a ξ. As in Part 1., we prove that X ∩ E ξ is a complex subvariety of pure dimension 1 of D. Since E ⊂ E ξ and E ∩ X ∩ ∂D = ∅, the intersection of E with the Riemann surface X ∩ E ξ must be finite. This implies that E ∩ X is finite.
We will now use a Shiffman theorem on separately holomorphic functions in order to complete the proof of Theorem 2. Now, fix a small open neigh-
. . , z p ) and z ′′ := (z p+1 , . . . , z n ). Let g be a function which is defined in a subset V ′ of total measure of V . This function is called separately holomorphic if for every 1 ≤ i ≤ p and H 2p−2 -almost every x ∈ C p−1 the restriction of g on V ′ ∩ π −1
i (x) can be extended to a holomorphic function on
The function
is independent on m and takes only strictly positive integer values. According to Lemma 2, g m,k (z ′ ) is almost everywhere equal to a separately holomorphic function. Thanks to Shiffman Theorem [22] , g m,k (z ′ ) is equal H 2p -almost everywhere to a functiong m,k (z ′ ) which is holomorphic on V . In particular,g m,0 (z ′ ) is equal to an integer r ≥ 1 which does not depend on m and z ′ . Now, consider the following equation system:
The set of points z ′ , z
given by solutions of the above system is a complex subvariety Σ of pure dimension p of Π −1 (V ). We have
Indeed, if not, we can replace D by a small neighbourhood of a point a ′ ∈ X ∩Π −1 (V )\Σ we will obtain r = 0. But this is impossible.
By Lemma 1, X ∩ Π −1 (V ) is a complex subvariety of pure dimension p of Π −1 (V ). This completes the proof of Theorem 2.
Positive plurisubharmonic currents
Let V be a complex manifold of dimension n. Let X be a complex subvariety of pure dimension p of V . A function ϕ ∈ L This limit is called Lelong number of T at the point a. In [3] , Alessandrini and Bassanelli proved that ν(T, a) does not depend on coordinates. Thus, the Lelong number is well defined for every manifold V . We have the following theorem.
Theorem 3 Let T be a positive plurisubharmonic current of bidimension (p, p) in a complex manifold V of dimension n. Assume that there exists a real number δ > 0 such that the level set {z ∈ V, ν(T, z) ≥ δ} is dense in the support supp(T ) of T . Then supp(T ) is a complex subvariety of pure dimension p of V and there exists a weakly plurisubharmonic function ϕ on
Remark 1 In the case of closed positive currents, an analogous result is proved by King [19] .
It is sufficient to prove that the support X = supp(T ) of T is a complex subvariety of pure dimension p of V . Since the problem is local, we can suppose that V is a ball of C n . By Theorem 2, we have to prove that X has locally finite H 2p measure and X is p-pseudoconcave. Let us put σ := T ∧ ω p the trace measure of T .
Proposition 1 Let T be a plurisubharmonic current of bidimension (p, p) in a complex manifold V . Then for every δ > 0 the level set {ν(T, a) ≥ δ} is closed and have locally finite H 2p measure. Under the hypothesis of Theorem 3, we have ν(T, a) ≥ δ for every a ∈ X and X has locally finite H 2p measure.
Proof-We can always suppose that V is an open subset of C n . Set Y := {ν(T, a) ≥ δ}. Let (a n ) ⊂ Y be a sequence which converge to a point a ∈ V . Fix an r > 0 such that B(a, r) ⊂ V . We have
Thus Y is closed. The last inequality implies also that Y has locally finite H 2p measure [14, 2.10.19(3) ].
Lemma 3 Let T be a positive current of bidimension (p, p) in C n with compact support. Let π : C n −→ C p be the linear projection on the first p coordinates, a ∈ C n and b := π(a). Assume that T is plurisubharmonic on π −1 (B(b, r) ) for a suitable r > 0. Then T,
p . In particular, the Lelong number of π * (T ) at b is greater or equal to ν(T, a).
Let π : C N −→ C p be the linear projection on the first p coordinates. We
. Therefore π * (T ′ ) defines a positive plurisubharmonic current in Ω which is null in C p \ π(X ′ ). Hence there is a positive plurisubharmonic function
Since c is close to x, we have b ∈ Σ and B(c, |b − c|) ⊂ Ω. By submeans property of plurisubharmonic functions we have Corollary 2 Let T be a positive plurisubharmonic current of bidimension (p, p) in a complex manifold V of dimension n. If T is locally rectifiable, then there exists a locally finite family of complex subvarieties (X i ) i∈I of pure dimension p of V and positive integers n i such that T = i∈I n i [X i ]. In particular, T is closed.
Remark 2 King has proved the same result for rectifiable closed positive current [19] . Harvey, Shiffman and Alexander [5, 18] proved it for rectifiable closed currents (in this case, the positivity is not necessary).
Proof-By [14, 4.1.28(5)], ν(T, a) is a strictly positive integer for a in a dense subset of X := supp(T ). Then by Theorem 3, X is an complex subvariety of pure dimension p of V and T = ϕ[X] where ϕ is a weakly plurisubharmonic function on X. Since T is rectifiable, the function ϕ has integer values H 2p -almost everywhere. Therefore ϕ is essentially equal to a positive integer in each irreducible component of X.
Theorem 4 Let T be a pluriharmonic positive current of bidimension (p, p) in a complex manifold V of dimension n. Assume that the support supp(T ) of T has locally finite 2p-dimensional Hausdorff measure. Then supp(T ) is a complex variety of pure dimension p of V and there exists a weakly pluriharmonic function ϕ on X := supp(T ) such that T = ϕ[X].
Proof-First, we prove that X is a complex subvariety of pure dimension p. Assume that it is not true. As in the proof of Theorem 3, we construct In particular, T is closed.
Proof-By Theorems 3 and 4, X is a complex subvariety of pure dimension p. Since V is compact, X has a finite number of irreducible components and ϕ is essentially constant in each component.
